The two-phase thermodynamic (2PT) model is generalized to determine the thermodynamic properties of mixtures. In this method, the vibrational density of states (DoS), obtained from the Fourier transform of the velocity autocorrelation function, and quantum statistics are combined to determine the entropy and free energy from the trajectory of a molecular dynamics simulation. In particular, the calculated DoS is decomposed into a solid-like and a gas-like component through the fluidicity parameter, allowing for treatments for the anharmonic effects in fluids. The 2PT method has been shown to provide reliable thermodynamic properties of pure substances over the whole phase diagram with only about a 20 ps MD trajectory. Here we show how the 2PT method can be used for mixtures with the same degree of accuracy and efficiency. We have examined the 2PT determined excess Gibbs free energies of Lennard-Jones (LJ) mixtures over a wide range of conditions (1 r T* r 3, 0.5 r P* r 2.5, 1 r s BB /s AA r 2, and 1 r e BB /e AA r 2), including the change of the off-diagonal LJ interactions. The 2PT determined values are in good agreement with those from Widom insertion or thermodynamic integration (TI). Our results suggest that the 2PT method can be a powerful method for understanding thermodynamic properties in more complicated multicomponent systems.
Introduction
Molecular dynamics (MD) simulations are a powerful technique for understanding the structural, energetic, dynamic, and equilibrium properties of a system at the molecular level. However, some physically significant properties, such as entropy and free energy, normally cannot be obtained from the same MD simulation. A separately designed simulation with specific algorithms or techniques is often necessary for such properties. For example, the Widom insertion, 1 one of the most renowned methods for calculation of chemical potential, requires additional samplings using a ghost particle. Unfortunately, the efficiency of Widom's test particle method deteriorates quickly at high system densities because of the low fraction of successful insertions. While many more sophisticated methods are developed for high density systems, they are either not compatible with MD simulations (e.g., overlapping distribution method, umbrella sampling, etc.) 2, 3 or require specifically designed simulation paths (e.g. thermodynamic integration). 4 Another class of methods [5] [6] [7] [8] [9] [10] for determination of entropy and free energy from MD simulations is based on the characterization of vibrations within a system. Assuming that the vibrations (i.e., normal modes or the density of states (DoS)) correspond to a series of independent harmonic oscillators, all thermodynamic properties of the system can be calculated based on the quantum statistics of harmonic vibrations. This approach provides excellent properties for solids (e.g., the Debye crystal) 11 but becomes less accurate for liquids and gases, where the diffusive and low frequency modes are highly anharmonic. Despite these deficiencies, Karplus and Kushick 6 showed that the entropy difference of a macromolecule in two conformations can be obtained from the covariance matrix of atom positions and the quasiharmonic approximations.
absolute entropy and free energy of a variety of fluids (from Lennard-Jonesium, 12 to water, 13 carbon dioxide, 14 and many common organic solvents) 15 from a short (about 20 ps) MD trajectory. The efficiency and accuracy of this approach make it a promising tool for understanding thermodynamic driving forces in complicated systems, such as dendrimers, [16] [17] [18] nanotubes, 19 ,20 biomolecular systems, [21] [22] [23] [24] etc. Although the 2PT method has shown great success in a variety of problems, the fundamental theory was developed for pure fluids. Extension of the theory to mixtures [25] [26] [27] has not been validated. The goal of the present study is to examine several possible approaches to determine the fluidicity parameter in mixtures. In pure fluids, this parameter is determined based on the temperature, molar volume, and the zero frequency intensity of the DoS. We find that for mixtures the molar volume should be replaced by the partial molar volume of each component. The excess Gibbs free energies thus obtained for Lennard-Jones mixtures are in good agreement with those from thermodynamic integration and Widom insertion. This work provides the theoretical basis for the use of 2PT in mixtures.
Method and theory

The vibrational density of state function
The vibrational density of state (DoS) function of component i is defined as the mass weighted sum of velocity spectral density from all atoms in the system, where m j is the mass of atom j. The velocity spectral density s k j (n) of atom j in the kth coordinate (k = x, y, and z in the Cartesian coordinate) is determined from the square of the Fourier transform of the velocities as
The DoS can also be calculated from the Fourier transform of the velocity autocorrelation function (VAC). 5 
Thermodynamic properties of mixtures from two-phase thermodynamic (2PT) model
The Two-Phase Thermodynamic (2PT) model 12 of mixtures defines that the DoS of component i, s k j (n), with 3N i degrees of freedom consists of a gas-like and a solid-like portion.
where the gas-like diffusive component s ðnÞ are the weighting functions of a harmonic oscillator and the corresponding gas part of component i, respectively.
The decomposition of DoS is achieved by considering the gas-component as a hard sphere fluid, whose density of state is known
The solid component S s i (n) is then determined by subtracting s g i (n) from the total density of state S i (n). The DoS for the gas component is completely determined using two parameters: s 0,i and f i . In order to include all the diffusive modes to the gas component, s 0,i is set to be a zero frequency DoS value for component i, S i (0). This guarantees that the solid component has no contribution to the diffusivity. The ''fluidicity'' factor f i that determines the conceptual partition of each component between solid and gas parts can be calculated from the equation below (readers are referred to ref. 12 for derivation details).
where D i is some normalized diffusivity, whose value depends on the temperature, volume, the particle mass and s 0,i .
In the case of pure fluids, V i is the same as the system total volume V. For a mixture, the system volume is shared by all components, and the partial molar volume ( % V i ) should be used, i.e.,
To complete the 2PT model for mixtures, we need to specify the weighting functions. Conventionally, the solid-like portion is calculated from the quantum partition function, which gives the harmonic oscillator weighting functions for energy, entropy, and Helmholtz free energy as follows Once the decomposition of the DoS is done, the partial molar thermodynamic properties of each component (without the ideal mixture contribution) can be obtained
ðnÞ ð11aÞ
where E 0,i is the reference energy and takes the form
and the properties of the mixture become
The second terms (x i ln x i ) on the right hand side of eqn (13b) and (13c) ensures the proper composition dependence for ideal mixtures.
The partial molar volume
The partial molar volume is needed (eqn (7)) for the determination of the fluidicity parameter in 2PT properties for a mixture.
In this work we examine three estimation methods for the partial molar volume: (1) the Kirkwood-Buff theory, (2) the molecular size, and (3) the one-fluid approximation. The Kirkwood-Buff (KB) theory 28 provides a rigorous method to determine partial molar volume from the radial distribution function. According to the KB theory, the partial molar volume of component i is where g ab (r) is the radial distribution function between components a and b. For a binary mixture, eqn (14) simplifies to
where
Although the KB theory provides a basis for the evaluation of partial molar volume for any mixture, the KBI is found to converge very slowly with separation distance r. 30 As a result, a very long simulation trajectory and a very large simulation box may be necessary to obtain a reliable converged value of the KBI. To circumvent such problems, we also examined two additional means for a simpler estimation of the partial molar volume in eqn (8) . The first is to assume that all particles occupy the same volume regardless of its size (the one-fluid approximation), 11 in this case the partial molar volume is assumed to be the molar volume
It is expected that this approximation would fail when the size of the particles in the mixture is very dissimilar. A somewhat improved estimation for the partial molar volume is to assume its proportionality to the molecular size, i.e.,
where x i is the mole fraction of species i in the mixture, s i is the atom diameter. The advantage of these approximations (eqn (19) and (20)) is that the partial molar volume is estimated without performing MD simulations.
Computational details
The molar excess entropy and Gibbs free energies of LennardJones (LJ) binary mixtures are used to examine the accuracy of the two-phase (2PT) thermodynamic model. The interaction potential E between two LJ particles is expressed through the standard LJ-12-6 equation
where r ij is the separation distance between particles i and j, and s ij and e ij are two parameters characterizing the size and strength of interaction between LJ particles. The cross terms between two different species are described through the LorentzBerthelot combination rule, ). The partial molar volume is estimated based on three methods: the one-fluid approximation (eqn (19) ), the molecular size (eqn (20)), and the KB theory (eqn (17)). The RDF needed in the KB theory is calculated from the final 160 ps trajectory of the MD simulation. However, as noted previously, the direct use of the simulated RDF in the KBI results in very slow convergence with distance r because of the long range fluctuation in the RDF. 30 Although the fluctuations may be suppressed in NPT and NVT ensembles, our experience shows that the uncertainty caused by finite simulation length and finite system size also results in the slow convergence of the Kirkwood-Buff integration. To circumvent this problem, we fit the RDF to the following analytical expression, 32 which captures the main features of the RDF of the mixture of Lennard-Jones particles.
where r* = r ij /s ij , r ij is the distance between particles i and j; a, b, c, d, g, h , k, l, m, n, and s are parameters adjusted to reproduce the RDF determined from the MD trajectory. This expression guarantees that the radial distribution function is smooth and converges to 1 at long distances. The partial molar volume is then obtained from eqn (17) with eqn (24) used for g(r) (the integration is done for r = 20 Å ). As a validation, we have checked the determined partial molar volume with that determined from the change of the system volume with composition (see Appendix for details). There is a good agreement in the partial molar volume from both approaches. Once the partial molar volume is determined, the fluidicity parameter of the corresponding species is calculated from eqn (6) , and the determination of 2PT thermodynamic properties is the same as that for pure fluids. 12 The excess Gibbs free energy is calculated from the difference between the mixture Gibbs free energy (by summing up the component contributions) and that of the ideal mixing of pure fluids under the same temperature and pressure,
In the present work, we focus on the comparison of the excess determined from 2PT and those from TI found in the literature or the Widom insertion method determined from open-source molecular simulation program ms2.
33,34
Results and discussion
A total of 32 sets of simulations of equimolar LJ mixtures is carried out with varying interaction parameters and the simulation conditions (see Table 1 ), and the parameters of component B vary from 1 r s BB /s AA r 2, and 1r e BB /e AA r2 in order to study the size and energy effects on the performance of 2PT. The cross term parameter k ij is zero in all cases; however, for case 17 the value of k ij is changed from À0.9 to 0.3 to study the effect of the off-diagonal LJ interactions. The simulation conditions range from 1 r T* r 3, 0.5 r P* r 2.5, covering the gas, liquid and supercritical regions. The 2PT excess Gibbs free energies are determined using three different estimates for the partial molar volume: (1) the one-fluid approximation (eqn (19)), (2) the molecular size (eqn (20)), and (3) the KB theory (eqn (14)). Table 1 ) and its decomposition into different contributions. Because the DoS is additive from contributions of atoms (eqn (1)), it can be easily separated into contributions from each component in the mixture. The 2PT can then be used to decompose the DoS of each species into a gas (indicated by S g ) 
The density of state distribution
Fig. 1 illustrates the DoS of a LJ binary mixture (id 4 in
Thermodynamic properties for mixtures from 2PT model
The 2PT determined excess Gibbs free energies are compared to those determined by thermodynamic integration 35, 36 (Fig. 2 and Table S1 in the ESIw). The 2PT properties are determined based on three estimates of the partial molar volume. The KB method provides the most accurate estimate to the partial molar volume (see Appendix for further details). The 2PT determined excess Gibbs free energies based on KB partial molar volume (Fig. 2c) are in good agreement with results from TI for mixtures with very different sizes and energetic interactions. Discernible discrepancies are observed when the sizes of the two species are most different (i.e., s BB /s AA = 2). The one-fluid approximation (Fig. 2a assuming molar volume to be the same as partial molar volume) results in more negative deviations as the size ratio (s BB /s AA ) increases. On the other hand, estimating the partial molar volume with the particle size (Fig. 2b) leads to results that are in comparable accuracy to that from the KB method. In most cases, the molecular size method leads to more positive values in excess Gibbs free energy than those from the KB method. The results show that the description of partial molar volume is important for 2PT properties, especially for highly asymmetric mixtures. Furthermore, the use of molecular size may be an efficient approach for 2PT properties without much loss of its accuracy.
Energy-cross term effect of 2PT model
To examine whether the 2PT method can capture correct thermodynamic properties for specific cross interactions, we performed additional simulations using simulation parameters from simulation 17 (see Table 1 ) but with different values of k ij (eqn (23)): À0.9, À0.7, À0.5, À0.1, 0.1, 0.3. (Note that phase separation is observed when the value of k ij is greater than 0.5. Therefore, larger values of k ij are not considered.) Fig. 3 shows the result of excess Gibbs free energy from the 2PT model with different k ij . For comparison, the excess Gibbs free energies were determined based on the Widom insertion method using the open-source molecular simulation program ms2.
33, 34 It can be seen that the results from 2PT are in close agreement with those from Widom's method. The 2PT model can therefore correctly capture the change in thermodynamic properties in the mixture due to specific cross interactions.
Fluidicity parameter and partial molar volume in binary mixtures
The fluidicity and partial molar volume are two important quantities in the 2PT method for calculation of thermodynamic properties in a mixture. Their values from the three different methods discussed above are listed in Table S2 of the ESI.w In one-fluid approximation, the two components in the mixture share the same fluidicity and molar volume. For the molecular size and Kirkwood-Buff approaches, the partial molar volume of each component differs significantly when the ratio of particle diameters is away from unity. One-fluid approximation fails to consider the size effect as expected. As a consequence, the fluidicity from one-fluid approximation is very different from the other two methods. This deviation affects thermodynamic properties significantly, as given in the previous section.
Convergence of 2PT properties
One outstanding feature of the 2PT model is its need for very short sampling time. Fig. 4a and b show the 2PT entropy for each component and the mixture evaluated using different lengths of a MD trajectory. Fig. 4a corresponds to simulation 4 in Table 1 . While the excess entropy of the mixture is converged in about 20 ps, it is noteworthy that the partial molar excess entropy of each component may take a longer time to converge. In simulation 4, component A is smaller than component B (s BB /s AA = 2), and the time needed for its entropy to converge is found to be longer. The fluidicity parameters of these two components are 0.56 (A) and 0.25 (B), respectively. The significantly larger value of component A indicates that it is in a state more similar to a gas. The longer time for convergence in this case is a result of the time needed for enough collisions to establish a converged DoS. Fig. 4b shows another simulation using a larger diameter for component A (s AA = 5.448 (Å )). In this case, the fluidicity parameters are 0.35 and 0.28 for components A and B, respectively. With both components having a smaller fraction of the gas-like component, the convergence of both the excess and the partial molar entropies is observed within 20 ps. Thus the convergence of 2PT properties in mixtures is quite similar to that found in pure fluids. 12 
Conclusion
In the present work, we validated the use of the 2PT method for determination of thermodynamic properties in mixtures of Lennard-Jones particles. In this method the vibrational density of states of the system is decomposed into a solid-like component, Fig. 3 The excess Gibbs free energy of equimolar mixtures from the 2PT model (circle) and from Widom's particle insertion method (square) for simulation 17 but using different cross interaction parameters k ij . Fig. 4 The partial molar (circles and squares) and molar (diamonds) entropy of a binary equimolar LJ mixture determined using different lengths of a trajectory from simulation 4 in Table 1 which is treated as a series of harmonic oscillators, and a gaslike component, which is considered as a hard sphere gas. The 2PT theory provides a way to determine the fraction, fluidicity parameter, of the gas-like component. For mixtures, the partial molar volume of each component in the mixture is found to be important for the determination of the fluidicity parameter. We examined the accuracy of 2PT properties based on three different estimates of the partial molar volume. The KB theory provides the most accurate estimation of the partial molar volume, and hence most accurate 2PT excess Gibbs free energy; however, it is rather demanding on the accuracy/convergence in the long-range tail of the radial distribution function. The one-fluid approximation (assuming the partial molar volume to be the same as the molar volume) provides reasonable 2PT properties for mixtures consisting of particles with similar sizes; however, the accuracy deteriorates rapidly as the difference in the particle sizes increases. One-fluid approximation is only applicable when the LJ size parameter difference (s BB /s AA ) is less than 10%, which agrees with previous observation. 37 We found that by assuming the partial molar volume to be proportional to the volume of the constituent particles the 2PT method can also provide excess Gibbs free energy with satisfactory accuracy. We conclude that estimation of partial molar volume from the size of molecules is a simple yet accurate approach for evaluation of 2PT thermodynamic properties.
Appendix: Comparison of methods for estimation of partial molar volume
The partial molar volume is defined as the increment in the total system volume when a component is added to the mixture under constant temperature and pressure, i.e., V i ¼ @NV @N i T;P;N jai
One typical approach to determine the partial molar volume is to determine the molar volume of the mixture at different compositions. These data are used to fit a Redlich-Kister type of expansion (eqn (A2)) and the partial molar volume can then be obtained from eqn (A1) (see, for example, ref. 38 for details).
To validate the partial molar volume obtained from the KB theory, we determined the values based on a set of simulations at compositions (x A = 0.0,0.1,. . .,1.0). The results are shown in Fig. A1 . It can be seen that the partial molar volume from the KB theory (open circles) is in close agreement with that from eqn (A1). Also shown in Fig. A1 are the partial molar volumes estimated from the one-fluid approximation (eqn (19) ) and the molecular size (eqn (20)) approximation. The one-fluid approximation (i.e., the total molar volume) leads to a composition independent partial molar volume that may deviate significantly from the exact values. The molecular size approximation leads to a somewhat improved estimation, with the tendency properly captured (e.g., the partial molar volume of component B being larger than that of component A).
Largest deviation is observed for the large particle in the infinite dilution limit.
